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Abstract. For a number field K with ring of integers Ok, we prove an ana- 
logue over finite rings of the form OfcfP"^ of the Fundamental Theorem on 
the Fourier transform of a relative invariant of prehomogeneous vector spaces, 
where P is a big enough prime ideal of Ofc and m > 1. In the appendix, F. 
Sato gives an application of the Theorems 11.11 [1.31 and the Theorems A, B, 
C in J. Denef and A. Gyoja [Character sums associated to prehomogeneous 
vector spaces, Compos. Math., 113 (1998) 237-346] to the functional equation 
of L-functions of Dirichlet type associated with prehomogeneous vector spaces. 



1. Introduction 

We prove an analogue over finite rings of tlie Fundamental Tlieorem on tlie 
Fourier transform of a relative invariant of prehomogeneous vector spaces. In gen- 
eral, this Fundamental Theorem expresses the Fourier transform of x(/)j with x 
a multiplicative (quasi-)character and / a relative invariant, in terms of xif^)~^, 
with the dual relative invariant. Roughly speaking, M. Sato ^\ proved the Fun- 
damental Theorem over archimedian local fields, J. Igusa over p-adic number 
fields, and J. Denef and A. Gyoja 4, over finite fields of big enough characteristic. 
In [3], the regular finite field case is reproved. When the prehomogeneous vector 
space is regular and defined over a number field K we prove an analogue of the 
Fundamental Theorem over rings of the form Ok/V™, where is a big enough 
prime ideal of the ring of integers Ok of K and m > 1 , see Theorem 11.11 This 
result is derived from the results of 0] by using explicit calculations of exponential 
sums over the rings Ok/T^"^- 

In ^1], F. Sato introduces L-functions of Dirichlet type associated to regular 
prehomogeneous vector spaces. In the appendix by F. Sato to this paper, our re- 
sults are used to obtain functional equations for these L-functions and, under extra 
conditions, their entireness. 



To state the main results, we fix our notation on prehomogeneous vector spaces. 
Let (G, p, V) be a reductive prehomogeneous vector space, meaning that G is a 
connected complex linear reductive algebraic group, p : G ^ GL{V) is a finite 
dimensional rational representation, and V has an open G-orbit which is denoted 
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by fl. Assume that (G, p, V) has a relative invariant 7^ / G C[V] with character 
(p e Hom(G, ), that is, f{gv) — (j){g)f{v) for aU 5 e G and v ^ V. We assume that 
/ is a re(?w/ar relative invariant, namely, fl — V\ f^^{0) is a single G-orbit. Writing 
: G ^ GL{V'^) for the dual of p, (G, p^,^^) is also a prehomogeneous vector 
space, with an open G-orbit which is denoted by 17^, and there exists a relative 
invariant 7^ € C[V] whose character is (j)-^. Then n"" ^ V \ ^-^{0). The 
map F := gradlog/ is an isomorphism between and 17^ with inverse F"^ := 
gradlog/^. One has dimF = dimV^ ~: n and deg/ = deg/^ =: d. 

Let be a number field with ring of integers Ok- Suppose that {G,p,V) is 
defined over K. We fix a basis of the A'-vector space V{K) and we suppose that / 
is in K[V] and has coefficients in Ok (with respect to the fixed if-basis of V{K)). 
Similarly we suppose that is in i4r[y^] and has coefficients in Ok (with respect 
to the basis of dual to the fixed basis of V). Write V{Ok) for the points of V{K) 
with coefficients in Ok (with respect to the fixed iiT-basis of V{K)), and similarly 
for V'^{Ok)- For / an ideal of O, write V{Ok/I) for the reduction modulo / of 
the lattice V{Ok)- 

The Bernstein- Sato polynomial b{s) of / is defined by /^(grad^)/(a;)''+^ = 
b{s)f{xy. Write bo for the coefficient of the term of highest degree of b{s); one 
has bo £ K. 



The following theorem is an analogue of the Fundamental Theorem for preho- 
mogeneous vector spaces. 

Theorem 1.1. Let m > 2 be an integer, V be a prime ideal of Ok above a big 
enough prime p £ x be a primitive multiplicative character modulo V™ ( extended 
by zero outside the multiplicative units ), and let tp be a primitive additive character 
modulo 7"". Write q := #{Ok/V). For L e ^^(0/^/7"") write 

s{L) xifi^mm). 

Then the following hold: 

(f) if f'iL) ^ modP, then 



S{L) = 



1I2 



^'""-""^ lx(^^^^4^)«(x,-)"-^^(^), 



V 



qm/2 \'^^ fid 



where n"^ (L) and Q!(x,to) are 1 or — 1; 
(2) if /v(L) = mod V, then S{L) = 0. 

The essential (and typical) content of this Fundamental Theorem is that the 
discrete Fourier transform of the function xif) on V{Ok /V"'^) is equal to the 
function x(/^)~^ on {Ok /V"^) times some factors, and vice versa. 

The first part of Theorem If .fl is obtained by combining explicit calculations of 
character sums of quadratic functions (§2) and of discrete Fourier transforms (§4), 
a p-adic version of the Lemma of Morse (§3), and results of The second part of 
Theorem If .H is established by comparing the L2-iiorms of xif) ^^'^ of its discrete 
Fourier transform. 
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We also obtain explicit formulas for the constants (L) and a{x, m) of Theorem 
11.11 by using work in 0] and elementary calculations. To state these formulas we 
use the notion of the discriminant of a matrix, as in [4, 9.1.0]. 

Definition 1.2. For a symmetric (n, rt)-matrix A with entries in a field fc, if 
^XAX = diag (ai, . . . , a™, 0, . . . , 0) with X sGL„(fc), *X its transposed, and 
Gi € , put A{A) :— JXiLi^i £ k^/k^'^, with k^^ the squares in k^ , and call it 
the discriminant of A. 

Write k-p for the finite field Ok /V and fcp ^ for the squares in k^ . For m > 1 and 
L in ^^(Ok/^™) with /^(L) ^ mod V, denote by {L) the image in fc^/fc^^ 
the discriminant of the matrix ( dy dy ' where {yi, . . . , y„} is the previously 

fixed /iT-basis of V^{K). Write Xi for the Legendre symbol mod V. We then 
obtain 

Theorem 1.3. The following hold in case (1) of Theorem \l.l\ 

(1) Ac^(L)-XiM2'-i/i^(L)r; 

(2) a(x, to) = 1 for m even; 

(3) a(x,TO) = G{xi,'4'')/^/<lform odd, with ijj' any additive character defined 

by y '—^ x(l + ^7?^^2/)i ■"'•P '^"■2/ element in V of V-adic order 1, xi the 
Legendre symbol mod V, and G(., .) the classical Gauss sum. 

Remark 1.4. It is interesting to compare the formulas of Theorems 11.11 and 1 1 . HI to 
the formulas for m = 1 given in 0]; it seems that for to = 1 the formulas depend 
more on subtle information of the Bernstein-Sato polynomial of /. 

Acknowledgements 1.5. The authors would like to thank Jan Denef and Akihiko 
Gyoja for the discussions and helpful ideas they communicated during the prepa- 
ration of this paper. Special thanks to Denef for giving us an outline of the main 
results and their proofs. Furthermore we are in great debt to Fumihiro Sato, who 
agreed on writing an appendix to this paper. We thank the referee for his useful 
suggestions to improve the presentation of the paper. 

2. Preliminaries on character sums 

Let X be a multiplicative character mod P™, extended by zero for a = mod V. 
Say that x is induced by a character xi mod V" for n < m if Xi(a rnod V") = x(a) 
for all a G Ok/V"^. Call x primitive mod if there exists no such n < m and 
Xi mod V"' such that x is induced by xi- Analogously, call an additive character 
ip mod V"^ primitive if it is not induced by a character ipi mod V"" for n < m. 
Let / be a polynomial in n variables over Ok- If we evaluate J2 x{/(^) niod 7"", 
with X primitive mod 7"" for some to > 1, it is well known that only the critical 
points mod V contribute to the sum, i.e. the elements c G Ok/V™ for which 
grad(/)|c = mod V. The following is an extension of this result. 

Proposition 2.1. Let V be a prime ideal of Ok, fn > I an integer, x ^ primitive 
multiplicative character mod and f € ©^^[A'] a polynomial in n variables. 

Writing 

Sf= E ^(/(^))' 
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obtain that 



Sf= E 



^;T,(grad(/)U)>(m-l)/2 

where V'p{giad{f)\x) is the minimum of the V -valuations of -g^ \x for j = 1, . . . ,n. 
Moreover, the same formulas hold for an additive character ip instead of x- 

Proof. We treat the case that / is a function of one variable; the general case is 
completely analogous. It suffices to prove that 



VT,if'ix))=i 
X=C mod 'prn — z-l 

is zero for every i < (m — l)/2 and every c G Ok /'P"^~^~^ . If /(c) = mod V, then 
Sf{i, c) is trivially zero. Suppose /(c) ^ mod V. Let n-p be in V of T'-adic order 
1. Writing f{x) as a polynomial in {x — c), we get the following equalities 

(2.1) Sf{t,c) = x(/(c) + (x - c)/'(c) + . . .) 

xG Ok/V" 
vj,(f'ix))=i 
x=c mod 'p"i-i — 1 

(2.2) = x(/(c)) 5] xfl + (.^-c)^ 

"p(/'(a:^))=» 
x=c mod pTTT — i-i 

(2.3) = q\{f{c)) X(l+^p"'^«) 
= 0. 

Equality (|2.2|) comes from the fact that the P-valuation of the terms of degree > 2 
in a; — c are at least to. Indeed 2to — 2i — 2>TOifi< (to — 2)/2 or i < (to — l)/2. 
Either there are no terms in (|2.2|) and then it is automatically zero, or, there are 
terms and then Equality H2.3|l follows immediately. We conclude that the sum (|2.3|) 
is zero since we sum a non-trivial additive character il^^z) := x(l + TTp " az) over 
Ok/'P] ip is indeed non-trivial since x is primitive. 

□ 

Definition 2.2. Let V he a prime ideal of Ok not containing 2 and let m > 1 be 
an integer. Let %, resp. ij}, be a primitive multiplicative, resp. primitive additive, 
character mod 7"". Then, put 

a(x,TO) := Y X(l + 2;^): 

xe OkIV-^ 

and 

a(V',TO):= Y, '/'(a^^). 

xe Ok/v^ 

One can calculate the value of 5(x,to), using Proposition 12. II in an elementary 
way, to obtain the following lemma. 

Lemma 2.3. With the assumptions and notation of DeHnition W^ the following 
hold 



FUNDAMENTAL THEOREM MODULO p' 



5 



• a(x,'7i) ~ if m is even; 

• Q;(x,m) = (7('"^"'^)/^G(x 1 , if m is odd. Herein, xi '■5 Legendre 

symbol mod T', i/)' is any additive character defined by y i—> x(l + T^p^^v) 
with n-p any element in V of V-adic order 1, and G(.,.) is the classical 
Gauss sum. 

This lemma and an induction argument yield the following proposition. 

Proposition 2.4. Use the assumptions and notation of Definition Suppose 
that f ^ clq + a\x\ + . . . + a„x^j, where oq, ai, . . . , a„ are multiplicative units mod 
-P™. Putting 

Sf-.^ ^ x(ao + oia;? + • • • + a„x^), 

xe{OK!v-^Y 

the following holds 

Sf = x(ao)Xi (flo ai ■ • ■ an)™a(x, w)" 
wit/i Xi Legendre symbol mod 7^. 

Similar formulas can be obtained for (5(?/',m) with a primitive additive char- 
acter modulo 7"". 

3. A p-ADIC ANALOGUE OF THE LeMMA OF MORSE 

We prove an analogue of the Lemma of Morse (originally formulated for C°° 
functions on real manifolds), for p-adic analytic functions. This Lemma is normally 
stated as a local property, but here we can work with fixed (large) neighborhoods. 
To deal with the fact that Zp is totally disconnected, we will use a global notion of 
analycity for p-adic maps. Results in this section also hold for finite field extensions 
of Qp. 

Definition 3.1. Let A C he open. Call a function f : A ^ Zp globally 
analytic if there is a power series ^ Cio;* G Zp[[a;]] which converges on A such 
that f{x) = ^ Cix' for each x € A, with x — (xi,...,x„), i = (ii,...,z„) and 
x^ — YVj=i ■ C^ll / analytic if there is a finite cover of A by opens U such 
that the restriction of / to each U is globally analytic. Similarly, call a map 
f : A C Zp analytic if it is given by analytic functions on A. An analytic 

bijection with analytic inverse is called bi-analytic. For an analytic function / : 
A C ^ Zp, define the gradient of / in a e A as grad(/)|a = (^U, . . . , ^|a) 

and the Hessian of / in a as Hs(/)|a = ( g^ g^. \a)ij- Say that a is a critical point if 
grad(/)|a = and call the critical point a G A non-degenerate if det(Hs(/)|Q) ^ 0. 
Call a (z A a non- degenerate critical point modulo p if grad(/)|Q = mod p and 
det(Hs(/)|a)^Omodp. 

Let M C Zp be a compact p-adic manifold of pure dimension d and f : M "Lp an 
analytic function. Then there exists a finite disjoint cover of M by opens Ui and 
analytic isometrics TTi from Ui to open balls in Zp such that the maps / o tt"^ are 
globally analytic, see e.g. Call a point a G Ui C M a. critical point of / if ni{a) 
is a critical point of f ott~^ as defined above. Similarly we speak of non-degenerate 
critical points and non-degenerate critical point modulo p. This is independent of 
the choice of Ui and ni. 

The next Lemma is a p-adic variant of the Inverse Function Theorem. 



6 



R. CLUCKERS AND A. HERREMANS 



Lemma 3.2. 7, Cor. 2.2.1] Suppose that gi,...,gn G Zp[[xi, . . . , satisfy 
det( J|^|o)ij ^ Omodp and gi{0) = Omodp for i — Then the map 

g : (p'Zp)" (pZp)" : x {gi{x), . . . , gn{x)) is (globally) bi-analytic. 

The following is a p-adic analogue of the Lemma of Morse. The proof goes along 
the same lines as in |S] and we refer to 'F, Lemma 2.2 for the details. 

Lemma 3.3 (Morse). Let p ^ 2 and let f : {pZp)" — > pZp be a globally analytic 
map (thus f is given by a single power series in ZipHx]]) such that is a non- 
degenerate critical point modulo p. Then there is a unique critical point c of f and 
there is a (globally) bi-analytic map T : (pZipY^ — > (pZp)" : x i— *■ T{x) = u such that 

n 

f{x) = f{c) + a^ul, for all x £ {pZpY , 

i=l 

with aj in . Moreover, Xi{H) = X^iYliai) with H = 2"" det(Hs(/)|c). 

Proof. The uniqueness of the critical point c is proved in Lemma 13.41 below. We 
may suppose that /(O) = and c = 0. We can write f{x) — J2i j XiXjhij{x) with 
hij (x) S Zp [[a;]] and since p 7^ 2 we can assume that hij = hji . Suppose by induction 
that we have a (globally) bi-analytic map TV-i : (pZp)" — > {pljp)" : x t—^ u such 
that for each x E (pZp)^ 

r-l 

fix) = ^a,u^ + u,UjH,j{u), 

wii^hH^j{u) e Zp[[w]], iJy = Hji andflj e Z^. We have det(Hs(/)|o) = Adet(iJy(0)) 
with A a unit in Zp, so det(_ffy (0))ij ^ modp and after a linear change in the 
last n — r + 1 coordinates we may assume that !!„ (0)^0 mod p. Put = !!„ (0) . 
Then Hrr{u) / Or = 1 mod p for each u G {pZipY^ . There is a well-defined square root 

function y : 1 + pip 1 -l- pZp which is (globally) analytic. Put g{u) ~ \J^^^^ 
for u E {pZpYK Then, g is (globally) analytic on {plp)"^ . We can now define a 
(globally) analytic map T^_i : [pZp)'^ (p'^p)'^ ■ u ^ T^_i{u) — (vi) by 

Vi = Ui if i ^ r, 

i>r ^ ' 

Clearly we have that det(^^|o) = g(0) ^ mod p, thus, the map T,'_]^ is (globally) 
bi-analytic by Lemma Put Tj. = 7"/-! ° 2^r-i- We then obtain for all x £ (pLp)"^ 
and V = Tr(x) 

r 

fix) = ^a^u,^ + Y v^VjH^jiv), 

i—l *J>^ 

with H^j{v) g Zp[[u]]. This finishes the induction argument. 

The equality Xi (det(Hs(/)|o) = Xidli^fli) follows by a classical argument as 
in To finish the proof we only have to prove the Lemma below. □ 

Lemma 3.4. Let p ^ 2 and let f : (pZp)" pip be a globally analytic map 
(i.e., given by a power series in 1p[[x]]) such that is a non-degenerate critical 
point modulo p. Then f has a unique critical point c e (pip)"' and this is a non- 
degenerate critical point. 
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Proof. We can write f{x) = /(O) + J2i '^i^i + di^) with g{x) = XiXjhij{x) for 
some hij G Zp[[x]]. Since is a non-degenerate critical point of / modufo p, we 
see that = mod p and det(Hs((7)|o) ^ mod p. By Lemma [3.21 the map T : 
{pZpr (pZp)" : X ^ grad(5)|^ = ( ■ ■ ■ ' ■&(^)) ^ bi-analytic bijection. 
A fortiori, there is a unique point c S (pZp)" such that T(c) = (— ai, • ■ • a„). 
Since grad(/)|x = grad(g)|x + (ai, . . . ,a„), the condition r(a;) = (-ai, . . . ,-a„) is 
equivalent with the condition grad(/)|x — for x G (pZp)". Thus c is the unique 
critical point of /. Moreover, det(Hs(/)|c) 7^ since det(Hs(/)|c) = det(Hs(/)|o) ^ 
mod p. □ 



Finally, we give an application of the Lemma of Morse to calculate character 
sums of polynomials. 

Proposition 3.5. Let p ^ 2, let f £ Zp[a;i, . . . , x„] be a polynomial, and let 
X be a smooth subvariety 0/ A^^ (smooth variety meaning a separated, reduced, 
irreducible scheme of finite type and smooth overZp). Let M be the compact p-adic 
variety X{Zip)\ f~^(j)Zp) and write d for the dimension of M . Let x be a primitive 
multiplicative character mod p™, to > 1. Let ci, . . . , ci £ M be the critical points 
of f\M '■ M Jjp and suppose that the critical points ci, . . . , q are non- degenerate 
modulo p. Put 

Sf= E 

Then the following holds 

I 

Sf = Y.^(J{c,))x^^{f{c,rH,^ra{x,m)\ 

i=l 

with — 2^'^A(Hs(/)|c.), a(x,TO) as in section\^ and A the discriminant as 
defined in \L'A 

Proof. By Hensels Lemma and since X is smooth over Zp, we can cover M by 
finitely many disjoint compact opens U such that for each U we can find an analytic 
isometry tt : U ^ {pZp)'^. For i = l,...,r, let Ui be the open in this cover 
containing and we write tTj for the corresponding isometry. By Proposition 12. II 

and Lemma im it follows that Sf — J2 Sf{ci) where 

1=1 

Sfic^)^ E Xifonr^ix)). 

xe(pZp/p"^i.pY 

By the Lemma of Morse we can find for each critical point a bi-analytic isometric 
transformation Ti : ijfLp)'^ — > (jfLp)'^ such that 

d 

f{x) — f(ci) -\- E^CjU^ for all x E Ui and u — Ti{TTi{x)), 
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with Oj in and xi{Hci) — Xidlj "^i)- We can now calculate 

d 

(3.1) Sf{c^) = J2 X{f{c^)+Y.^,u]) 

Me(pZ/p'"Z)'' j=i 

d 

(3.2) = x(/(c») + E«^".') 

Me(z/p'"Z)<^ i=i 



(3.3) = x(/(c.))xi(/(cO'n«^)™"(^'"^)' 

(3.4) = x{f{c^))x^-{^{c.YH,THx.mf■ 

Equality is clear. Also equality (|3.2(l is easy and follows by similar argu- 
ments as in the proof of Proposition l2.1l Equality ^6. '61 comes from Proposition l2.4l 
and the last equality holds because xi (iJcJ = Xidlj '^j)- ^ 



4. Discrete Fourier transforms of characters of homogeneous 

polynomials 

Let 7^ be a prime ideal of Ok and let 7rp e be of T'-adic order 1. Let 

n 

= S '^i^i be a linear form on (Oi^ /T'™)", with m > 1 and Oj e Ok/V™. 

Let / e O/f [x] be a homogeneous polynomial of degree d and let Xj resp. -01 be a 
primitive multiplicative, resp. primitive additive, character modT^™. 
We will calculate the discrete Fourier transform of x{f)i defined by 

After a linear change of variables one can assume that the 7-*-valuation of a\ is 
minimal among the v-p^ai). Write fc := v-p{a\) and L(x) = Tr!p{aiXi + al^x^ + . . . + 
o^n^n) for some G Ok/V"^. After applying the invertible linear transformation 

(xi, . . . ,Xn) ^ {a'lXi + . . . + a^x„,a;2, . . . ,a;„), 

one reduces to the case that L{x) — vr^xi. This reduction is used in the proof of 
the following result. 

Proposition 4.1. Let V he a prime ideal of Ok and let ■n-p Cz V be of V-adic 

n 

order 1. Let L{x) = ^ aiXi he a linear form on {Ok I'P™')^ , with m > 1 and 
1=1 

ai e Ok/V"^. Let f G Ok[x] be a homogeneous polynomial of degree d and let x, 
resp. ip, be a primitive multiplicative, resp. primitive additive, character modP™. 
Put k :— min v-p{ai) and put 

i— l,...,n 



s{L) ^ Y xuixmm)- 
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/ 



\ 



E 



\L(x) = 1 mod -P" 



ifk = 0. 



J 



Proof. As explained in the previous discussion, we may assume that L{x) — ir^xi, 
with TT-p £ V oi 7^-adic order 1. We spHt up the sum depending on the T'-valuation 
of xi . We call the subsum of S(L), consisting only of the elements x with vp{xi) = j 

m 

to be Ajk- More precisely, we have S{L) — J2 ^jk, with 



A 



E 



J=0 



where x 
(4.1) 

(4.2) 
(4.3) 



(2^2, ■ 



Rewrite Ajk as 



ae(Oir/-p")x 



E xifiyT^v^y^Wi^v'^y) 



y€{OK/V"')'' 
2e(OK/-P")"-i 





x(/(^p,^)) 



Equality H4.1|l holds because only the value of y mod V'"'-^^ is relevant. Equality 
(|4.2(l is just substituting x = (x2,...,a;„) by yx — (yx2, . . . , yx„); since y is a 
unit the set over which we sum does not change. The last equality uses that / is 
homogeneous of degree d and the fact that x'^iv) = if ?/ ^ (Ok /V"^)^ . 

We want to prove that all Aj^ are zero except when k = j = 0. Since V \ d, 
we have that x'' is still a primitive character modT^™. Therefore, there exists an 
a e Ok/V"" such that a = 1 mod 7"""^ and x'^ia) 7^ 1 (see section EJ. By a 
classical argument we obtain: 

E x'(2/)V'«'y) = E x'iayMan^^+'^y) 

= x'(«) E x'(y)V'«'2/), 

a j + k > 1. Indeed, the first equation is just substituting y by ay, where a is a 
unit. The second uses the fact that is multiplicative and since a = 1 mod J^™--^^ 
we have ay = y mod 'P™~''~i ii j + k > 1. 
Since x'^Ca) li we conclude that 



x^'iyM^'r^'y) = 
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Note that when j + k > m this sum is just ^ x'^iv) which is directly seen 

to be zero. This proves the Proposition since only Aqq is non-zero. Aqo equals the 
non-zero term of the Proposition by equahty H4.3|l . □ 



5. Applications to Prehomogeneous Vector Spaces. 
We use the notation and the asumptions from the introduction. 

Proof of Theorem M.lX For any £ V'^ let H{v^) be the hyperplane in V defined 
by z)^(a:) - 1. By ||1 Lemma 9.1.2] and j4| Lemma 9.1.7], for any with /^(w^) ^ 
0, the restriction f\H(v'^)r\n has the point d~^F'^[v^) as its unique critical point 
and it is a non-degenerate critical point. The fact that this holds for all with 
/^(v^) is a first order statement (in the language of rings), and hence, the 
analogue statement is true over finite fields of big enough characteristic. That is, 
for all prime ideals V of Ok above big enough primes p G Z with residue field k-p, 
for aU e V^ikv) with /"^(w^) 7^ 0, the point ^-^^^(u^) is the unique critical 
point of /|ff(i;V)nn(fcp) and it is a non-degenerate critical point. 

Take a prime ideal V above a big enough prime p. Choose L E {Ok /V"^) 
with /^(L) ^ mod V. Let Lq G ^ (O/f) lie above L. Let c be d'^F'^iLo). Let 
R be the valuation ring of the P-adic completion of K. Since V is supposed to lie 
above a big enough prime p e Z, we may suppose that d is invertible in R, and 
hence, c lies in V{R). Make the plane H{Lq) into a vector space by choosing a 
zero point in H{Lo){Ok)- Take a basis of the lattice H{Lo){Ok) in H{Lq) and 
take coordinates on H{Lq) with respect to this basis. Let He be 2^"+^ times the 
determinant of the Hessian in c of f\H(Lo)j expressed in these coordinates. Since 
p € Z is big enough and by the above discussion. He lies in R and He mod V is 
nonzero in Ok/V, and this is so uniformly in L E {Ok /V"^). 

Then, 



{b.l)S{L) 



(5.2) 



(5.3) 

with K^{L) 

obtain H5.2|l from Proposition l3.5l If we now use the fact that /(c) = d~'^ f{F'^ {L)) = 
d^'^h^f^ {L)^^ (see ^ Lemma 9.1.2] and [SJ Lemma 1.8]), equation H5.3|l and thus 
case (1) of the Theorem follows with k^{L) = Xi (./(c)"~^-ffc)™ and a{x,iTi) = 
a(x.™)"~^ 

Now we prove case (2) of Theorem 11.11 with a technique of N. Kawanaka. The 
function S : Hom((Cif /7"")", Oif/T"") ^ C : L ^ S{L) is the discrete Fourier 



E x'(2/)V'(y) 



\l{x) = 1 mod 



E x'(2/)^(y) I x(/(c))xi (/(c)"-iil,)'"a(x, m)"-i 



yyeOK/V" 

( E x'(2/)V'(y)" 

mn/2 Ok/V" 



\ 



q 



m/2 



X{ ^ {L)- 



j(n-l)m/2 ' 



Xi (/(c)""^-ffc)™- Equality lEIl) follows from Proposition O We 
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transform of x(/) : [Ok/V^^Y 'C : x ^ xifi^))- By a classical result on 
L2-norms of Fourier transforms on finite abelian groups, it follows that 

(5.4) ||5||2=g™"||x(/)||^=<z""Wi, 

with A^i := #A and A -.^ {x e V{Ok/V"') \ f{x) ^ mod V}. 

It follows from the formula in case (1), that [^(L)^ = q™" for L E A. Writing 
B ViOK/V"") \ A, one has 

(5.5) ll^ll^-E'?"" + E 1^(^)1'' 

A B 

and hence, S{L) = for L e B. □ 

Proof of Theorera M.'A The statement about a(x,n^) follows from equation (|5.3(l 
and Lemma [2.31 We recall that hy {L) is defined in the introduction, and that the 
number x^{h^ {L)) is well-defined. We obtain the value of K^(i) as an immediate 
corollary of I^, Lemma 9.1.7]. □ 



APPENDIX: L-functions of prehomogeneous vector spaces (by 

FuMiHiRO Sato) 

In this note, we give an application of Theorems ll.ll and ll.3l in [2| (and Theorems 
A, B, C in ^) to the functional equation of L-functions of Dirichlet type associated 
with prehomogeneous vector spaces, which is a generalization of Theorem L in |14| . 

In the following we retain the notation in However, for simplicity, we assume 
that if = Q, Ok = Z and V — (p) with a rational prime p. Let x be a primitive 
Dirichlet character with conductor > 1. We extend x to Z/AZ by x(a) = 
for a ^ (Z/AZ)^ . Put m{p) = Vp(N), the p-ordcr of A, for any rational prime p. 
Since (Z/AZ)'^ is isomorphic to ]^p|^(Z/p™'^^)Z) ^ , x induces a primitive character 

X^P) : (Z/p"(p)Z)^ ^ for eachp|A. 

Let (G, p, V) be a reductive prehomogeneous vector space defined over Q. Let 
Pi, . . . , be the fundamental relative invariants over Q, namely, the Q- irreducible 
relatively invariant polynomials on V. We denote by 0i (1 < i < £) the rational 
character of G corresponding to Pi. The fimdamental relative invariants are deter- 
mined uniquely up to a non-zero constant multiple in and any relative invariant 
in Q[V] is a monomial of them. 

We fix a basis of the Q- vector space V{Q) and take a relative invariant / G Q[V] 
with coefficients in Z (with respect to the fixed Q-basis of V{Q)). The character (p 
corresponding to / is defined over Q. 

In the following we assume that 

(A.l) / is a re(7M/ar relative invariant, namely, = F \ f~^{0) is a single G-orbit; 
(A. 2) for every x £ f^(Q), the group of Q-rational characters of the identity 
component of 

Gx = {g e G\p{g)x = x} 

is trivial. 

We assume the regularity condition (A.l), since the theory of global zeta func- 
tions is still unsatisfactory for non-regular prehomogeneous vector spaces (see the 
final remark (2)). 
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We denote by G+ the identity component of the real Lie group G(M) and put 
G+ = n Gx- Let fi(R) = fJi U • • • U fii/ be the decomposition into the con- 
nected components (in the usual topology). By the assumption (A.l), every 
IS a smg le G+-orbit. Let Fjv be an arithmetic subgroup of G(Q) which stabi- 
lizes V{'L) and induces the identity mapping on V [Ij] / NV [1) . Then the function 
F(Z) 3 X xifi^)) G C is Fjv-invariant and factors through V{Z/nZ). The 
L-functions Li{s; x) (1 < « < i^) associated with (G, p, V) and x are defined by 

e 

:E6rjv\(v(z)nni) j=i 

where is the volume of the fundamental domain G+/(rAr n G+) with respect 
to the normalized Haar measure on G^ (for the normalization of the Haar measure 
on G+, see §4). By the assumptions (A.l), (A. 2) and 12, Theorem 1.1], the 
i-functions converge absolutely when the real parts of si,...,si are sufficiently 
large. 

We take a relative invariant of the dual prehomogeneous vector space (G, p^, V"^) 
with coefficients in Z (with respect to the basis of dual to the fixed basis of V) 
that corresponds to the character (p^^. Then and (G, p^, V'^) satisfy the assump- 
tions (A.l) and (A.2). Put 17^ = \ /^"^(O). We may order the fundamental 
relative invariants Pi , . . . , P/ of (G, p^, V"^) such that the character corresponding 
to /^^ is 

Our final assumption is the following: 

(A. 3) for every prime factor p oi N with m(p) > 1 (resp. m{p) = 1), Theorems 
OandOin (resp. Theorems A, B, C in g]) hold for x*^^ and /. 

Let ip : Z/NZ be an additive primitive character. By the Chinese remain- 

der theorem, ip determines an additive primitive character V'^^^ '■ Z/p^^^'Z — s- 
for each p\N. For L g y^(Z), let us consider the following character sum: 

SixJ;L) := J2 x{f{x)mL{x)) 

xev{J./NZ) 

= n E X^^\f{xW^\L{x)). 

p\N x£V{Z/p"^(p'>Z) 

Then, by the assumptions (A.l) and (A. 3), we have 

(6.1) Six, /; L) = x-\r{L)) n ^;{L)g{x^P\f), 

p\N 

with L mod N e r2^(Z/iVZ) and where Kp{L) is the constant [L) — ±1 given 
for each (sufficiently large) p by Theorem 11.31 in [2] or Theorems B and C in ^ , 
and g{x^^^ i /) is a constant independent of L whose explicit value can be easily seen 
from Theorems 11.11 and 11.31 in j2] or Theorem A in g] according as m{p) > 1 or 
m{p) — 1. Put 

'*^w=n<w ff(x,/)=n5(x''^/)- 

p\N p\N 
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Now we define the L-functions associated witii {G, ,V^) by 

ier„\(vv(z)no,^) j=i 

The assumptions (A.l), (A. 2) and ^1 Theorem 1.1] again imply that these L- 
functions converge absolutely when the real parts of si, . . . , S£ are sufficiently large. 
The abscissa of absolute convergence is independent of x a-nd N. 

To describe analytic properties of the L-functions, we need some more notational 
preliminaries. Let 6(s) = b{si, . . . ,si) he the Bernstein-Sato polynomial defined by 



(6.2) 



\i=l / i=l i=l 



It is known that the function 6(s) is a product of inhomogeneous linear forms 
si, . . . ,S£ of integral coefficients (see ^Tj). We also need the Bernstein-Sato poly- 
nomial bf{s) of /, which is defined by 

It is known that the roots of 6/(s) are negative rational numbers. 

Each of the assumptions (A.l) and (A. 2) implies that there exists a. 5 = {Si, ... ,61) G 
{jl^f such that the relative invariant Hi^i PAx)^^^ corresponds to the character 
detp((7)^ (see p[21 Proposition 8] or [171 Proposition 11] for (A.l) and |13[ Lemma 
4.1] for (A.2)). 

Finally we recall the fundamental theorem of the theory of prehomogeneous vec- 
tor spaces over the real number field M. For i = 1, . . . , 1/ and s with 5R(si), . . . , 3fi(sf ) > 
, we define a continuous function |P(a;)|^. on y(]R) by 

The function |P(a::)|^ depends holomorphically on s and is extended to a tem- 
pered distribution on y(M) depending meromorphically on s G C*". We denote the 
tempered distribution by the same symbol. We can also define the tempered distri- 
butions |P^(L)|^v on y^(M) quite similarly. Then the fundamental theorem reads 

(6.3) / |P(:r)|-^exp(2^^L(x))dx ^Y^^^M I^^Wlov , 

where 7ij(s) — 1, . . . , i^) have elementary (but not explicit) expressions in terms 
of the gamma function and the exponential function (see |16j . |13|). 

Theorem 6.1. (1) The L-functions Li{s;x) and L"^ {s;x~^) multiplied by b{s — S) 
have analytic continuations to holomorphic functions of s in and satisfy the 
following functional equation: 

V 

where di {1 < i < £) is the degree of the fundamental relative invariant Pi and 
jij (s) is the same as above. 
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(2) Assume that x satisfies at least one of the following conditions: 

• m{p) > 2 for some p dividing the conductor N of x; 

• the order of x^^^ for some p\N with m(p) — 1 is different from the reduced 
denominators of the roots of the Bernstein- Sato polynomial bf{s). 

Then the L-functions Li{s]x) o,i^d L^(s;x^^) are entire functions of s in C^. 

Since the proof of the theorem is almost the same as the one of Theorem 2 and 
Corollary 1 of HB], we shall give only an outline of the proof. 

Denote by A the ring of adeles of Q and by Ao = np<oo *Qp ^^'^ ^'i^S finite adeles 
of Q. Denote by ^p{xp) the characteristic function of V^(Zp) and put <i>o(xo) = 
np<oo ^pi^p) for xq = (xp) € Aq. The function ^(){xo) is the characteristic function 
of np<oo ^(^p)- Let $oo(a;oo) is a rapidly decreasing C°°-function on V{M.) and 
define a function <i>^ on V{A) by 

^^{x) = $00(2^00) ■l[x'^''\f{xp)) ■ $o(xo) {x = ix^,xo) e V{A)). 

p\N 

The function $^ is a Schwartz-Bruhat function on V{A) and the Poisson summation 
formula implies the identity 

(6.4) J2 $x(K5)a;)-|detp(g)|;i ^ ^AP^{g)L) (g G G(A)), 

where $^ is the Fourier transform of <i>^, which is defined by an additive character 
of A/(Q) of conductor 1, more specifically, the additive character whose p-component 
is of conductor 1 and coincides with ijj'^P^Nx) on ^^'"(^''Zp if p divides N. It is 
easy to see that 

(6.5) $ JL) = 7V-"5(x, /; 7VLo)$o(A^io)$oo(ioo), 

with L — {Loo,Lo) e 1/^(A) and n = dimF. We note here that the function 
S{x, /; L) originally defined on T^^(Z) can naturally be extended to a function on 
np<oo ^^(^p)- By the usual technique of unfolding, we have 

(6.6) / ni^^(3-)l'' E ^xiPi9oo,mdg^ 



Y^U{s-x)mx)Tnf ^^^^ 



i=l 

By the identities H6.1|l and H6.5|l . we also have 



/ X{\h^9oo)r' E 'i>x(/(ffoo,l)i)d5oo 

V 



Now Theorem l6.1l can be proved in the same manner as in §6 by using these in- 
tegral representations of the L-functions, the Poisson summation formula H6.4fl . and 
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the fundamental theorem H6.3|l over M. We note here that the Poisson summation 
formula (|6.4|l is used in the form 

where 

Ii<i>^,g) = \detpig)\-' ^ $;,(p^(.9)L) - ^ 

The contribution of 9) the integral representation contains the information 
on the poles of the L-functions and is in general very hard to calculate explicitly. 
However, if we take a test function of the form $00(3^00) = (Ili^i fi" {s^^'^x))^'oo{^oa) 
for a C°°-function with compact support in r2(R), then /($^,(;) vanishes and, 
by using H6.2I) , we can prove the first assertion of Theorem Ki.ll If the assumption 
of the second assertion of Theorem 16. II is fulfilled, then Theorem ll.il (2) in (2j and 
Remark (5.2.3.3) in g] imply the vanishing of (goo, 1)) for ^oo £ G+ and ar- 

bitrary $00 with compact support in ri(R). The second assertion of Theorem 16.11 
follows immediately from this observation. 

Remark 6.2. (1) The simplest example of the L-functions considered in this note 
is the Dirichlet L-function, which is the L-function associated with (GLi, p, ^(1)), 
where p is the standard 1 dimensional representation of GLi. Further examples of 
the L-functions associated with prehomogeneous vector spaces have been studied 
in 1201, 0, Cni, CU, EH and It is noteworthy that, unlike the case of the 

Dirichlet L-functions, the L-functions Li(s;x) may have poles even for non-trivial 
X, if X does not satisfy any one of the conditions in Theorem 16. II (2) (for concrete 
examples, see |31 Theorem 6.2], ^1 Theorem 4.2] and Theorem 5]). It is 
an interesting problem to determine the conditions on x under which Li(s;x) has 
actually poles. 

(2) As mentioned before, the theory of global zeta functions is still incomplete 
without the assumption (A.l). For example, we do not have any general convergence 
theorem for zeta functions. If we assume the convergence of the zeta integral on 
the left hand side of (|6.6|) . then, we can get a slight generalization of Theorem 16. II 
Indeed, by using Theorem 4.19 of one can prove an analogue of Theorem 16.11 
under the following weaker assumption 

(A.l') Let Oq (resp. Oi) be the open (resp. closed) orbit in Vl. Then = Oq U Oi 
and, for each connected component il^ of il(M), OoHili is a single G+-orbit. 
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